We have studied the quantum and classical solutions of a particle constrained to move inside a sector circular billiard with angle u and its pacman complement with angle 2p y u . In these billiards rotational invariance is broken and angular m s ql 2 l y p. We find that the average of the angular momentum L is zero but the average of L has as eigenvalues q p p z z l 2 and m 2 . We also make a connection of some classical solutions to their quantum wave eigenfunction counterparts. Significant progress has been made in the last few years in understanding the connection between classical and quantum solutions for problems that show chaotic behavior. A particularly important role in this progress has been played by studies in billiards with w x different geometries 1-4 . The dynamics of a free particle in a circular billiard is completely integrable since energy and angular momentum are conserved. A simple change of the circular billiard to the stadium billiard immediately leads to chaotic particle ) Corresponding
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2 and m 2 . We also make a connection of some classical solutions to their quantum wave eigenfunction counterparts. Significant progress has been made in the last few years in understanding the connection between classical and quantum solutions for problems that show chaotic behavior. A particularly important role in this progress has been played by studies in billiards with w x different geometries 1-4 . The dynamics of a free particle in a circular billiard is completely integrable since energy and angular momentum are conserved. A simple change of the circular billiard to the stadium billiard immediately leads to chaotic particle w x dynamics 4 . The analysis of these billiards eigenvalue spectra and eigenfunctions have yielded a number of clearly defined quantum manifestations of w x classically chaotic Hamiltonians 1,2,4 . There are also other types of billiards that, although not being explicitly chaotic, can yield interesting novel quantum and classical behavior. A case in point considered in this paper has a free particle that moves inside a boundary defined by a wedge-shaped section of a circular billiard. In this case regular 2p-rotational invariant angular momentum is no longer conserved. However, fractional quantum angular momentum is well defined. It is this fractional angular momentum that makes this problem interesting. There have been other studies of modified circular billiards, ( )like a wedge sector in the presence of a constant w x linear field that shows chaotic behavior 7 , and w x circular chaotic billiards with a straight cut 8 . These billiards are different from the ones we study in this paper. Here we consider sector billiards with angle u s u and their pacman complement of angle u s s w p 2p y u . These two types of billiards can be considw ered special cases of simple wedge billiards that have corner discontinuities. For our quantum analysis it is, however, relevant to separate them this way since the angular momentum spectral properties of the sector and its corresponding pacman can be related to each other. Our original motivation to study this problem actually came from experiments carried out in pacw x man-type mesoscopic billiards 5,6 . These billiards were studied in the presence of a magnetic field where the breaking of rotational invariance precludes the full rotational closing of Aharonov-Bohm loops. This significantly affects their contribution to the magnetoresistence. As a first step towards understanding the magnetic field problem, we consider in this paper the quantum and classical zero field cases. The quantum problem can be studied to some extent analytically, leading to interesting duality spectral relations. We also make a connection between the quantum and classical solutions that help to understand the quantum results.
The quantum Hamiltonian for a free particle ofˆ2 Ž . mass M in a wedge billiard is H s P 2 M q V r , with
Here D is the domain of the wedge billiard. The corresponding time-independent Schrodinger equation is
2 , E is the energy and 2p " s h is Planck's constant. We can immediately write the full set of solutions for the sector and pacman wavefunctions that satisfy the radial and angular boundary conditions. The general normalized sector wavefunction is then given by
Note that this wavefunction vanishes when u s 0 and u s u , and r s r , with r the sector radius.
s w w
The angular boundary condition determines the values for the indices l that are is even we get a subset of even integer angular momenta while for the odd case we get a subset of even and odd values for the angular momentum. We can instead chose u s b ap , which will give l s s p pb a, with b and a prime numbers. In this case l p will generally be fractional and no full circle angular momentum values will be present. In the case where the angle is irrational, say u s ap , with a irras tional, the situation radically changes since l s pra p has no corresponding analog in the angular momenta for the complete circle or for the rational angles.
In the pacman case we can also write the complete wavefunction as
Ž . 
Ž .
q need to have that 2 a / b, which is satisfied for prime numbers. This is an interesting result since these fractional angular momentum cases do not correspond to cases previously studied in group thew x ory 9 , at least not to the best of our knowledge. In the irrational case with u s 2p y ap , we have same, this duality relation gives a nontrivial connection between fractional Bessel functions and the corresponding 'fractional' angular momenta for the sector and its pacman complement. In the wedge billiards rotational invariant angular momentum is not a good quantum number. We calculate then the average of the z-component of the angular momen-Ž . tum L s " i E Eu, using the wavefunction given in z Ž . Eq. 2 , and we get
and also for the pacman
w These results can be physically understood from a semi-classical analysis. In a full circle we have that the particle motion completes a full rotation between 0 and 2p . For the wedges the angular motion is w x limited to be between u g 0,u for the sectors or w w x u g u ,2p for the pacmen. Since in the sector the w particle moves from 0 to u and then bounces back w to move from u to 0, the motion is librational w rather than rotational. One result of this is that for the separable eigenfunctions given above all have zero average L . When the particle bounces off the z outer periphery, only Õ changes and L is unr z changed. When it bounces off either wedge wall, Õ u changes sign and thus L 2 is unchanged. This quanz tum result comes from our use of a specific coordinate system with origin of rotation at the apex of the billiard. However, in the classical analysis described below we also find internal closed orbits in the billiards where the angular momentum is not zero.
To represent the latter ones we need to write a linear combination of the apex centered eigenfunctions and carry out a coordinate transformation to define the new angular momentum with center of rotation away from the apex. Because of the Õ cancellations with the boundary rˆ2 collisions we are led to consider instead L that z would take care of these cancellations. Using the full sector and pacman wavefunctions we get
Ž .
We then see that the square of the Bessel function indices are good quantum numbers. Note that this result applies even in the irrational u angle case.
w Additionally, we also evaluated the expectation value of the quantum mechanical currents defined by J ; wŽ . ) x Im C = C . We found that the angular component of the current is zero, contrary to what happens in the circle case, while the radial current component is zero in both billiard types, as in the circular case. We now make a qualitative connection of these quantum results to their classical counterparts. Consider a ( )wedge cut from a thin disk with radius r . A particle w moves freely within the wedge, bouncing elastically from the walls. Define a polar coordinate system Ž . r,u with origin at the apex of the wedge billiard and with u s 0 pointing along the right hand boundary of the wedge. The particle is constrained to move in the ranges 0 ( u ( u and 0 -r -r . The classiw w cal motion of the particle is complicated in polar coordinates, but the elastic collisions are simple to Ž . describe. Suppose the particle has velocity Õ ,Õ r u when it encounters the maximum radius of the wedge. The outer circle normal vector is perpendicular to u, so Õ will be unchanged. Because the collisions are In fact, the collisions with the radial walls can be removed by lifting copies of the wedge onto an infinite spiral in u. The wedge copies are connected on the spiral in such a way that the motion of a particle The spiral is then projected onto the wedge by folding it like a fan. The mapping from the spiral to the wedge is done in two stages. First, define s ( u mod 2u . Then
In order for an orbit to close, the particle must bounce off exactly the same point on the periphery, going in the same direction. This requires that the total angle traversed must be b2u , for some posi- Fig. 2 . In this figure we show the wavefunction density for the p 4 pacman that geometrically corresponds to the classical orbit of Fig. 1 . Note that the number of small and large triangles, as well as the radius of the inner caustic, agree with the ones shown in Fig. 1 .
directly the Shrodinger equation using the finite element method. In order to make a direct correlation between classical orbits and quantum eigenfunctions we need to consider all the possible allowed classical and quantum solutions for different values of the Ž . caustic radius and set of parameter orbits a,b and their corresponding quantum counterparts. We do not carry out this analysis since we already know the exact quantum solutions and we have described some of the classical solutions to further understand their corresponding quantum counterparts.
In conclusion, we have considered the quantum and classical problems of a free particle in wedge billiards that exhibit fractional angular momentum due to the breaking of rotational invariance. We found a new duality relation between the 'fractional' indices for the angular momentum Bessel functions for the sector and its complement pacman billiard. 2 We showed that L becomes a good quantum operaz tor that can be used to characterize the fractional angular momentum eigenvalues of these billiards. We will treat elsewhere the classical and quantum dynamics of a charged particle in wedge billiards in the presence of a constant homogeneous magnetic field. In that case there is a full transition from integrable to chaotic behavior as the magnetic field increases and new states of chaotic whispering gallery modes appear in the large field limit.
